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AN ANALOG OF PERFECT NUMBERS INVOLVING THE
UNITARY TOTIENT FUNCTION
TOMOHIRO YAMADA*
Abstract. We shall give some results for an integer divisible by its
unitary totient.
1. Introduction
In 1932, Lehmer [14] asked whether there exists any composite numbers
n such that the Euler totient ϕ(N) divides N − 1 or not. Obviously, if N
is prime, then ϕ(N) = N − 1 and vice versa. Lehmer’s problem is still
unsolved.
On the other hand, it is easy to show that ϕ(N) divides N if and only
if N is of the form 2m3n (see, for example, p.p. 196–197 of [23]). Such an
integer can be considered as a totient version of a multiperfect number, i.e.,
an integer dividing its sum of divisors. However, it is not known whether
there exists any odd multiperfect numbers, nor whether there exist infinitely
many even multiperfect numbers.
An divisor d of N is called a unitary divisors of N if gcd(d,N/d) = 1,
denoted by d || N . Subbarao [25] considered the problem analogous to
Lehmer’s problem involving ϕ∗, the unitary analogue of ϕ. So ϕ∗ is defined
by
(1) ϕ∗(N) =
∏
pe||N
(pe − 1),
where the product is over all prime powers unitarily dividing N . We call
the value ϕ∗(N) the unitary totient of an integer N . Subbarao conjectured
that ϕ∗(N) divides N−1 if and only if N is a prime power. This conjecture
is still unsolved. However, Subbarao and Siva Rama Prasad [26] showed
that N must have at least eleven distinct prime factors if N is not a prime
power and ϕ∗(N) divides N − 1.
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Now the problem naturally arises when ϕ∗(N) divides N . We can easily
find some instances:
N1 = 1, N2 = 2, N3 = 2 · 3, N4 = 22 · 3,
N5 = 2
3 · 3 · 7,
N6 = 2
4 · 3 · 5,
N7 = 2
5 · 3 · 5 · 31,
N8 = 2
8 · 3 · 5 · 17,
N9 = 2
11 · 3 · 5 · 112 · 23 · 89,
N10 = 2
16 · 3 · 5 · 17 · 257,
N11 = 2
17 · 3 · 5 · 17 · 257 · 131071,
N12 = 2
32 · 3 · 5 · 17 · 257 · 65537.
(2)
All of these examples satisfy N = 2ϕ∗(N) except N = 1 = ϕ∗(1) and
N = 6 = 3ϕ∗(6). In the JANT meetings held at Kyoto in the spring of
2009, the author showed some basic results for integers with this property.
At this time and since then, the author still cannot find a paper considering
such integers. This paper is a revised version of the unpublished note in the
JANT meetings and contains some new results which the author recently
proved.
We would like to state main results.
Theorem 1.1. Let Fk = 2
2k + 1 be Fermat numbers. If N > 2 is divisible
by ϕ∗(N), then the smallest odd prime factor of N must be one of the first
five Fermat primes.
Remark 1.2. We know that Fk is prime for 0 ≤ k ≤ 4(Fk = 3, 5, 17, 257,
65537) and composite for 5 ≤ k ≤ 32 and other values of k according to the
Fermat factoring status in http://www.fermatsearch.org/ or
http://www.prothsearch.com/. It is conjectured that there is no Fermat
prime other than the five primes given above. This conjecture immediately
gives the Theorem 1.1.
Theorem 1.3. If N is an integer divisible by ϕ∗(N) other than given in (2),
then ω(N) ≥ 8, where ω(N) denotes the number of distinct prime factors
of N .
Theorem 1.4. If N is none of the twelve instances given above, then N
must be divisible by an odd prime factor at least 105 and an odd prime power
at least 108.
It will require a large amount of computation to give a stronger result
for ω(N). However, it is fairly easy to give a strong lower bound for ω(N)
under the condition that 3 does not divide N .
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Theorem 1.5. If 3 does not divide N , then e ≥ 4654449, ω(N) ≥ 4654449
and N has a prime factor greater than 232.
Finally, we shall prove the following result.
Theorem 1.6. There exist only finitely many integers N divisible by ϕ∗(N)
which is a product of consecutive primes.
Theorems 1.3, 1.4 and 1.5 of our results are proved by elementary means
but require a fair amount of computation. Theorems 1.1 and 1.6 are proved
using sieve methods combined with the analytic theory of the distribution
of primes in arithmetic progressions.
2. Basic properties
From now on, we assume that N is an integer satisfying ϕ∗(N) | N .
We set h(n) = n/ϕ∗(n) for a positive integer n. Hence, N is ϕ∗-multiperfect
if and only if h(N) is an integer. We factor N = 2epe11 p
e2
2 · · ·perr and put
Pi = p
ei
i , where p1 < p2 < · · · < pr are the odd prime factors of N . We
write Mk = 2
eP1P2 · · ·Pk for k = 1, 2, . . . , r and M0 = 2e. Moreover, let
Q1 < Q2 < · · · < Qm be the odd prime power factors of N . It is easy to see
that Qk ≥ pk for every k. Indeed, among Q1, Q2, . . . , Qk is some Qj = pett
with t ≥ k. We note that Pi and Qi are not necessarily equal. For example,
if N = 2e ·32 ·5 ·11 · · · , then P1 = 32 and P2 = 5 while Q1 = 5 and Q2 = 32.
Lemma 2.1. We have the following properties:
a) If N = 2e, then e = 1.
b) For each i = 1, 2, . . . , r, peii −1 divides N . In particular, pi−1 must
divide N .
c) If m is a squarefree integer dividing N , then ϕ(m) = ϕ∗(m) must
divide N .
d) If 2e || N , then N has at most e distinct odd prime factors. More
exactly, if 2f divides h(N) and 2fi | (pi−1) for each odd prime factor
pi(i = 1, 2, . . . , r) of N , then we have f +
∑r
i=1 fi ≤ e.
Proof. a) ϕ∗(N) = (2e−1) | 2e = N and therefore we must have 2e = 2.
b) (pi − 1) | (peii − 1) | ϕ∗(N) | N .
c) Factor m =
∏
j qj and set fj to be the exponent of qj dividing N .
Since ϕ∗(qj) = (qj − 1) | (qfjj − 1) = ϕ∗(qfjj for each j, we have
ϕ∗(m) | ϕ∗(∏j qfjj ) | ϕ∗(N) | N .
d) If 2f divides h(N) and 2fi | (pi− 1) for each odd prime factor pi(i =
1, 2, . . . , m) of N , then 2
∑r
i=1 fi | (p1 − 1) · · · (pr − 1) | ϕ∗(N) and
therefore 2f+
∑r
i=1 fi | h(N)ϕ∗(N) = N .
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
It immediately follows from d) that 1 is the only odd integer divisible by
its unitary totient.
The property b) makes no reference to the exponent of p dividing N . This
is the key tool of our study. To express the latter part of the property b) in
other words, if p does not divide N , then no prime ≡ 1 (mod p) divides N .
In particular, the smallest odd prime factor of N must be a Fermat prime,
a prime of the form 22
k
+ 1.
The property c) is a generalization of the latter part of the property b).
We write
∏k
i=1 q
fi
i →
∏l
j=1 r
gj
j if
∏l
j=1 r
gj
j divides
∏k
i=1(q
fi
i − 1) for two sets
of distinct primes qi’s and rj ’s. Now the property c) can be generalized
further.
Lemma 2.2. Let mi(i = 1, 2, . . . , k) be squarefree integers, p, q be primes
and f ≥ 0, g > 0 be arbitrary integers. If qgl || N for some integer l > 0
and qg → m1 → m2 → · · · → mk → pf , then pf | N .
Proof. We see that m1 | (qg − 1) | (qgl − 1) = ϕ∗(qgl) | ϕ∗(N) | N . Since
m1 is squarefree, we have m2 | ϕ∗(m1) | ϕ∗(N) | N by the property c). In-
ductively, each mi(i = 1, 2, . . . , k) divides N . Hence, p
f | ϕ∗(mk) | ϕ∗(N) |
N . 
Now we introduce two well-known lemmas concerning prime factors of the
n-th cyclotomic polynomial, which we denote by Φn(X). Lemma 2.3 follows
from Theorems 94 and 95 in Nagell [18]. Lemma 2.4 has been proved by
Bang [2] and rediscovered by many authors such as Zsigmondy [28], Dickson
[5] and Kanold [11, 12].
Lemma 2.3. Let p, q be distinct primes with q 6= 2 and n be a positive
integer. Then, q divides pc − 1 if and only if the multiplicative order of q
modulo p divides n.
Lemma 2.4. If a is an integer greater than 1, then an−1 has a prime factor
which does not divide ak − 1 for any k < n, unless (a, n) = (2, 1), (2, 6) or
n = 2 and a + 1 is a power of 2. Moreover, such a prime factor must be
congruent to 1 modulo n.
Since 26−1 = 32 ·7, we see that ak−1 always has a prime factor congruent
to 1 modulo k unless (a, k) = (2, 1). Thus the following result holds.
Lemma 2.5. If a is prime, k is a positive integer and ak || N , then k | N .
Proof. We may assume that k > 1. Since a is prime, ak−1 = ϕ∗(ak) divides
N by b) of Lemma 2.1. By Lemma 2.4, ak− 1 has at least one prime factor
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p ≡ 1 (mod k), which divides N . Using b) of Lemma 2.1 again, we see that
k divides N . 
Concerning the number of distinct prime factors of N , it is not difficult
to see the following result.
Lemma 2.6. If N 6= 1, 2, 6, 12, 168, 240, then 25 | N and ω(N) ≥ 5.
Proof. If ω(N) = 1, then N = 2e. The only possibility is e = 1 since, if
e > 1, then h(N) < 2/ϕ∗(2) = 2.
If ω(N) = 2, then N = 2e0pe11 . If h(N) ≥ 3, then we must have e0 = 1
and pe11 = 3 since, otherwise, h(N) < 2 × (3/2) = 3. If h(N) = 2, then
e0 ≥ 2 by Lemma 2.1. Now the only possibility is e0 = 2 and pe11 = 3 since,
otherwise, h(N) < (4/3)× (3/2) = 2.
If N = 22pe11 p
e2
2 , then p1 ≡ p2 ≡ 3 (mod 4) and h(N) must be odd by
Lemma 2.1, implying that h(N) ≥ 3. But h(N) ≤ (4/3)(3/2)(7/6) = 7/3 <
3, which is a contradiction.
If N = 23pe11 p
e2
2 p
e3
3 , then h(N) ≥ 3 and p1 ≡ p2 ≡ p3 ≡ 3 (mod 4) by
Lemma 2.1. But h(N) ≤ (8/7)(3/2)(7/6)(11/10) = 11/5 < 3.
IfN = 24pe11 p
e2
2 p
e3
3 p
e4
4 , then we must have h(N) ≥ 3 and pi ≡ 3 (mod 4)(i =
1, 2, 3, 4) by Lemma 2.1 but h(N) ≤ (16/15)(3/2)(7/6)(11/10)(19/18)< 3.
IfN = 23pe11 p
e2
2 , then we must have h(N) = 2 since h(N) ≤ (8/7)(3/2)(5/4) =
15/7 < 3. Hence, p1 ≡ p2 ≡ 3 (mod 4). The only possibility is (pe11 , pe22 ) =
(3, 7) since, otherwise, h(N) < (8/7)(3/2)(7/6) = 2.
If N = 2epe11 p
e2
2 with e ≥ 4, then we must have (e, pe11 , pe22 ) = (4, 3, 5)
since, otherwise, h(N) < (16/15)(3/2)(5/4) = 2.
IfN = 24pe11 p
e2
2 p
e3
3 , then h(N) = 2 since h(N) ≤ (16/15)(3/2)(5/4)(7/6) =
7/3 < 3. Now we must have p1 ≡ p2 ≡ p3 ≡ 3 (mod 4) by Lemma 2.1. we
must have (pe11 , p
e2
2 ) = (3, 7) and therefore p
e3
3 = 15, which is inadmissible.
Now, we see that, unless N = 1, 2, 6, 12, 168, 240, we must have 25 | N
and ω(N) ≥ 4. 
In general, there exist only finitely many positive integers N divisible by
ϕ∗(N) with a given number of distinct prime factors.
Lemma 2.7. N ≤ 22r+1 − 22r .
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Proof. It is implicit in Lemma 2 of [4] that, for any positive integers a, b, k
and 1 < n1 < n2 < · · · < nk satisfying
(3)
k∏
i=1
(
1− 1
ni
)
≤ a
b
<
k−1∏
i=1
(
1− 1
ni
)
,
the inequality
(4) a
k∏
i=1
ni ≤ (a + 1)2k − (a+ 1)2k−1
must hold. An explicit proof is given by [19] with (4) replaced by a
∏k
i=1 ni <
(a + 1)2
k
. A slight change enables to prove (4). Indeed, observing that
an1 ≤ a(a + 1) = (a + 1)2 − (a + 1) for k = 1, we can prove (4) by
induction of r proceeding as the proof of Lemma 1 of [19]. Now the lemma
immediately follows applying this with a = 1, b = N/ϕ∗(N), k = r + 1 and
n1 = 2
e, ni+1 = Pi. 
This gives the following upper bound for the Pi’s.
Lemma 2.8. For any i = 1, 2, . . . , r, we have Pi(Pi−1) | N and Pi ≤ 22r−1.
Proof. The former statement immediately follows from b. of Lemma 2.1.
By Lemma 2.7, we have Pi(Pi − 1) ≤ N ≤ 22r+1 − 22r , which immediately
gives the latter statement. 
Moreover, we can see that, for a given Mk, the next prime factor pk+1
must be bounded.
Lemma 2.9. For each k = 0, 2, . . . , r − 1, we have
(5)
(
pk+1
pk+1 − 1
)r−k
≥
r∏
i=k+1
pi
pi − 1 ≥
h(N)
h(Mk)
.
Furthermore, pk+1 − 1 must divide Mk/ gcd(Mk, ϕ∗(Mk)).
Proof. (5) immediately follows by observing that
(6)
m∏
i=k+1
pi
pi − 1 ≥ h(p
ek+1
k+1 · · · perr ) =
h(N)
h(Mk)
.
We can easily see that Lk = gcd(Mk, ϕ
∗(Mk))(pk+1 − 1) divides N and any
prime factor of Lk must be smaller than pk+1. Hence, Lk divides Mk and
the latter statement holds. 
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3. Lemmas for sieve argument
In this section, we shall give some preliminaries for our sieve argument.
Let Ωp be a given set of congruent classes modulo p for a given prime
p, h(n) be the completely multiplicative function defined by h(p) = |Ωp|
for each prime p and g(n) be the multiplicative function supported on the
squarefree integers such that g(p) = h(p)/(p − h(p)) for each prime p. We
would like to estimate the size of the set S(X,Ω, z) of positive integers
n ≤ X such that n does not belong to Ωp for any p ≤ z.
Lemma 3.1. If h(p) < p for any prime p, then, for any positive u, z, we
have
(7) |S(X,Ω, z)| ≤ X + u
2
Gz(u)
,
where Gz(u) =
∑
n≤u,p|n⇒p≤z g(u).
Proof. This is Theorem 7.14 of [9], applied with Ωp and ρ(n) limited to
integers composed of primes ≤ z. 
Hence, a lower bound to Gz(u) would give an upper bound to |S(X,Ω, z)|.
In order to estimate Gz(u), we introduces some lemmas.
Lemma 3.2. Let S be a set of positive integers such that any divisor of an
element of S also belongs to S. Then, for any positive integer d, we have
(8)
∑
m≤N,m∈S,d6|m
1
m
≥
(
1− 1
d
) ∑
m≤N,m∈S
1
m
.
Moreover, for any set Q of primes, we have
(9)
∑
m≤N,m∈S,
p|m⇒p 6∈Q
1
m
≥
∏
p≤N,p∈Q
(
1− 1
p
) ∑
m≤N,m∈S
1
m
.
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Proof. We have
∑
m≤N,m∈S,d6|m
1
m
=
∑
m≤N,m∈S
1
m
−
∑
m≤N,m∈S,d|m
1
m
=
∑
m≤N,m∈S
1
m
−
∑
dm≤N,dm∈S
1
dm
≥
∑
m≤N,m∈S
1
m
− 1
d
∑
m≤N/d,m∈S
1
m
≥
∑
m≤N,m∈S
1
m
− 1
d
∑
m≤N,m∈S
1
m
(10)
since, if dm ∈ S, then m ∈ S. Hence, the former statement follows.
Now we shall prove the latter statement. Let p1, p2, . . . , pk be all primes in
Q below N and Si be the set of integers in S divisible by none of p1, p2, . . . , pi
for i = 1, 2, . . . , k, as well as S0 = S. We observe that if any divisor of an
element of Si also belongs to Si, then Si+1 also satisfies the same property.
Inductively, any Si(0 ≤ i ≤ k) satisfies this property and therefore, the
former statement gives that
(11)
∑
m≤N,m∈Si+1
1
m
≥
(
1− 1
pi+1
) ∑
m≤N,m∈Si
1
m
for i = 0, 1, . . . , k − 1. Now the latter statement follows by induction. 
For convenience, we use notations such as
∑(k,l)
p and
∏(k,l)
p respectively
to indicate the sum and the product over primes congruent to l (mod k).
Lemma 3.3. If z > e100000, then
(12)
(3,2)∏
p≤z
(
1− 1
p
)
>
0.6
log
1
2 z
.
Proof. Letting E(x; k, l) = Eθ(x; k, l) = θ(x; k, l)− x/ϕ(k), partial summa-
tion gives
(13)
(3,2)∑
p≤x
1
p
=
1
2
log log x+M(3, 2)+
E(x; 3, 2)
x log x
+
∫ ∞
x
E(x; 3, 2)(1 + log t)dt
t2 log2 t
,
whereM(k, l) denotes the limit limx→∞
∑
p≤x,p≡l (mod k)(1/p)−(log log x)/ϕ(k).
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Since we know that |E(x; 3, l)| < 0.12x/ log x for x > exp(964.59 · · · )
from p. 1160 of [6], we have
(14)
∣∣∣∣∣∣
(3,2)∑
p≤x
1
p
− 1
2
log log x−M(3, 2)
∣∣∣∣∣∣ <
0.18
log2 x
+
0.12
log x
<
0.13
log x
for x > exp(964.59 · · · ) and therefore
− log
(3,2)∏
p≤x
(
1− 1
p
)
=
(3,2)∑
p≤x
1
p
+
(3,2)∑
p≤x
∑
m≥2
1
mpm
=
1
2
log log x+M(3, 2) +

(3,2)∑
p
∑
m≥2
1
mpm


+O∗
(
0.13
log x
)
−
(3,2)∑
p>x
∑
m≥2
1
mpm
=
1
2
log log x− logC(3, 2) +O∗
(
0.14
log x
)
,
(15)
where C(3, 2) = limx→∞(log
1/2 x)
∏
p≤x(1 − 1/p) > 0.600007, as given in
[13], and f1(x) = f2(x) + O
∗(g(x)) means that |f1(x)− f2(x)| ≤ |g(x)| for
any x > 0. Hence, we obtain
(16)
(3,2)∏
p≤z
(
1− 1
p
)
> e1−0.14/ log x
C(3, 2)
log
1
2 z
>
0.6
log
1
2 z
for z > e100000. This proves the lemma. 
4. The smallest prime factor of N
In this section, we shall prove Theorem 1.1. As in the theorem, let Fk =
22
k
+ 1 be Fermat numbers.
The proof of Theorem 1.1 depends on the sieve method. Let pi3(x) be the
number of primes q ≤ x such that q− 1 is not divisible by any prime ≡ 0, 1
(mod 3). Using a sieve argument, we have the following upper bound for
pi3(x). We note that our sieve argument in this lemma is due to Exercise
1.27 of [20].
Lemma 4.1. If x > e300000, then
(17) pi3(x) <
10x
log
3
2 x
.
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Proof. Let T be the set of integers not divisible by any prime ≡ 2 (mod 3).
Then, combining Lemmas 3.2 and 3.3, we have
(18)
∑
l≤z,l∈T
1
l
≥ (log z)
(3,2)∏
p≤z
(
1− 1
p
)
> 0.6 log
1
2 z.
We set Ωp = {0 (mod p)} for a prime p ≡ 2 (mod 3) below z and {0, 1
(mod p)} for other primes below z. Then, ρ(p) = 1 if p ≡ 2 (mod 3), p ≤ z,
2 if p ≡ 1 (mod 3), p ≤ z and 0 if p > z. If q ≤ x is a prime such that q− 1
is not divisible by any prime ≡ 0, 1 (mod 3), then q ≤ z or q belongs to
S(x,Ω). Hence, Lemma 3.1 gives
(19) pi3(x) ≤ z + S(x,Ω, z) ≤ z + x+ u
2
Gz(u)
for any positive z, u.
We can easily see that, if m has exactly l (not necessarily distinct) prime
factors ≡ 0, 1 (mod 3), then ρ(m) = 2l. Now we see that
Gu(u) = G(u) =
∑
m≤u,µ2(m)=1
h(m)
≥
∑
m≤u,µ2(m)=1
∏
p|m
(
ρ(p)
p
+
ρ(p)2
p2
+ · · ·
)
≥
∑
m≤u
ρ(m)
m
≥
∑
k≤√u
1
k
∑
l≤√u,l∈T
1
l
>0.6 log
3
2
√
u =
3
10
√
2
log u,
(20)
where the last inequality follows from (4.1).
Taking z = u =
√
x/ log x, we have
(21)
x+ u2
G(u)
<
9.999x
log
3
2 x
and (19) now gives
(22) pi3(x) < S(x,Ω, z) +
√
x <
10x
log
3
2 x
.

Remark 4.2. Are there infinitely many primes p for which there exists no
sequence of primes q1, q2, · · · , qk such that qk → qk−1 → · · · → q1 → 3?
The half-dimensional sieve introduced by Iwaniec [8] allows us to show that
the number of primes p below x such that p− 1 is divisible by neither of 3
AN ANALOG OF PERFECT NUMBERS 11
nor primes ≡ 1 (mod 3) is between c1x/ log3/2 x and c2x/ log3/2 x for some
constants c2 > c1 > 0 (the above Lemma gives an explicit upper bound).
Now we shall prove Theorem 1.1. As noted in the previous section that
the smallest odd prime factor of N must be a Fermat prime. Hence, the
smallest prime factor of N must be ≥ F33. Using this lemma, we have∑
q|N,qis odd
1
q
≤
∑
q∈P3,q≥F33
1
q
≤ 1
233 log 2
+
∫ ∞
F33
pi3(t)dt
t2
≤ 1
233 log 2
+
20
216.5 log
1
2 2
< 0.0003.
(23)
and therefore
(24) 1 <
N
ϕ∗(N)
<
∏
q|N,qis odd
q
q − 1 < exp 0.0003 < 1.001.
Since 22 | N by Lemma 2.6, we have 1 < N/ϕ∗(N) < 3/2, which con-
tradicts to the assumption that ϕ∗(N) can never divide N . This proves
Theorem 1.1.
5. The number of distinct prime factors of N
In Lemma 2.6, we already proved that ω(N) ≥ 5. In this section, we shall
prove Theorem 1.3.
Assume that N 6= 1, 2, 6, 12, 168, 240 is an integer such that ω(N) ≤ 7
and ϕ∗(N) divides N . If h(N) ≥ 3, then we must have ω(N) ≥ 8 since,
otherwise,
(25) h(N) < h(25 · 3 · 5 · 7 · 11 · 13 · 17) = 32
31
· 3
2
· 5
4
· 7
6
· 11
10
· 13
12
· 17
16
< 3.
Hence, in the remaining part of this section, we may assume that, N 6=
1, 2, 6, 12, 168, 240 is an integer such that ω(N) ≤ 7 and N = 2ϕ∗(N).
We would like to show that N must be one of the instances given in (2).
This would be proved via several lemmas.
Lemma 5.1. 3 | N .
Proof. Assume that 3 does not divide N . By Lemma 2.6, we must have
ω(N) ≥ 5. If ω(N) = 5, then h(N) ≤ h(25 · 5 · 7 · 11 · 13 · 17) < 2 and, if
ω(N) ≥ 6, then h(N) ≤ h(26 · 5 · 7 · 11 · 13 · 17 · 19) < 2. Hence, we have a
contradiction and therefore 3 must divide N . 
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Lemma 5.2. 3 || N .
Proof. From the previous lemma, we know that 3 | N . Assume that 32 | N .
Observing that h(27 · 32 · 5 · 7 · 17 · 19 · 23) < 2, we must have P2 = 5, P3 = 7
and P4 ≤ 13.
If P4 = 11, then P5 = 13 or 17 by Lemma 2.9. If (P4, P5) = (11, 13), then
211 | N by Lemma 2.1 and therefore 2047/1028 ≤ h(32 ·5 ·7 ·11 ·13 ·P6) < 2.
Hence, we must have 43 < P6 < 47, which is impossible. If (P4, P5) =
(11, 17), then 213 | N and 23 < P6 < 29, a contradiction.
If P4 = 13, then P5 = 17, 2
14 | N and P6 < 19, a contradiction. Hence,
3 || N . 
Lemma 5.3. 5 | N .
Proof. We know that P1 = 3 by the previous lemma. If p2 > 7, then
h(27 · 3 · 7 · 17 · 23 · 29 · 53) < 2, which is a contradiction.
Hence, p2 ≤ 7 and gcd(pi−1, 15) = 1 for i ≥ 3. Now we see that neither 11
nor 13 divide N . Hence, we see that p3 ≥ 17, p4 ≥ 29, p5 ≥ 59 and p6 ≥ 113.
If p3 = 17, then h(N) ≤ h(29 · 3 · 7 · 17 · 29 · 59 · 113) < 2. If p3 > 17, then
p3 ≥ 29, p4 ≥ 59, p5 ≥ 113 and h(N) ≤ h(26 · 3 · 5 · 29 · 59 · 113 · 127) < 2.
Thus we see that p2 = 7 is impossible. Hence, we must have p2 = 5. 
Lemma 5.4. 5 || N .
Proof. We know that p1 = 3, e1 = 1 and p2 = 5. We shall show that e2
cannot be divisible by any prime ≤ 29 unless e2 ≥ 9 is a power of three.
Case I. If e2 is even, then N has no prime factor ≡ 1 (mod 3) since
otherwise 32 | (52 − 1)(pi − 1) | ϕ∗(N) | N for some i, contrary to 3 || N .
Moreover, 29 | 2(3− 1)(52 − 1)(p3 − 1)(p4 − 1)(p5 − 1)(p6 − 1) | N . Hence,
we must have h(N) ≤ h(29 · 3 · 52 · 11 · 17 · 23 · 29) < 2.
Case II. If e2 = 3, then Lemma 2.9 gives that p3 ≤ 11 since 28 must
divide N and h(28 · 3 · 53 · 13 · 17 · 19 · 23) < 2.
If p3 = 7, then we must have p4, p5, p6 ≡ 2 (mod 3) as above. Since
h(28 · 3 · 53 · 72 · 11 · 17 · 23) < 2 and h(28 · 3 · 53 · 7 · 23 · 29 · 41) < 2, we must
have e3 = 1 and p4 ≤ 17. In other words, we must have p4 = 11 or p4 = 17.
If p4 = 11, then, we must have e4 = 1 since h(2
8 ·3 ·53 ·7 ·112 ·17 ·23) < 2.
Furthermore, by Lemma 2.9, p5 ≤ 73 and p5 − 1 = 2mu with u dividing
53 · 7 · 11. Hence, p5 = 17, 23, 29, 41 or 71. If e5 ≥ 3, then pe55 − 1 has always
a prime factor ≥ 47. Hence, p6 ≥ 47 and h(N) < 2. If e5 is even, then
we must have 3 | pe55 − 1 and 32 | (7 − 1)(pe55 − 1) | N while 3 || N , which
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is a contradiction. Hence, we must have e5 = 1 and, p5 = 41 or 71 since
otherwise h(N) ≥ h(3 · 53 · 7 · 11 · 29) > 2.
If p5 = 41, then Lemma 2.9 gives that p
e6
6 = 257 or p
e6
6 = 281, leading
to a contradiction observing that h(29 · 3 · 53 · 7 · 11 · 41 · 281) > 2 >
h(210 · 3 · 53 · 7 · 11 · 41 · 257). If p5 = 71, then Lemma 2.9 gives that pe66 = 89
or pe66 = 113, which is impossible since h(2
8 · 3 · 53 · 7 · 11 · 71 · 89) < 2. Thus
we cannot have p4 = 11.
If p4 = 17, then, proceeding as above, we must have e4 = 1 and p
e5
5 = 29.
It follows from Lemma 2.9 that no prime is appropriate for p6. Thus we
cannot have p4 = 17 and therefore p3 = 7.
If p3 = 11, then p
e4
4 = 17 but Lemma 2.9 yields that there exists no
appropriate prime for p5.
Case III. If 5 divides e2, then 11·71 divides N . We must have pe33 = 7 since
otherwise h(N) ≤ h(28 ·3 ·55 ·11 ·13 ·17 ·71) < 2. pe44 = 11. If p5 ≥ 53, then
h(N) ≤ h(28·3·55·7·11·53·71) < 2. If p5 ≤ 47, then, by Lemma 2.9, we must
have p5 = 17, 23, 29 or 41. If e5 ≥ 2, then h(N) ≤ h(28·3·55·7·11·172·71) < 2.
If e5 = 1, then h(N) > h(·3 · 7 · 11 · 41 · 71) > 2. Both cases lead to
contradictions and therefore e2 cannot be divisible by 5.
The other cases. If 7 divides e2, then 3
2 must divide N since 57 →
19531 → 32, which contradicts to Lemma 5.2. Similarly, it follows from
511 → 12207031→ 521 → 13 and 13 · 12207031→ 32, 513 → 305175781→
32, 517 → 409 · 466344409→ 32, 519 → 191 → 19 → 3 and 519 → 6271→ 3
and 523 → 332207361361 → 32 that, if 11, 13, 17, 19 or 23 divides e2, then
32 must divide N contrary to Lemma 5.2 again.
Now, if e2 is a power of three, then 3
2 | e2, 19 | (59 − 1) | N and
32 | (19 − 1) | N , contrary to Lemma 5.2. Thus we see that e2 must have
a prime factor ≥ 29 if 52 | N . However, Lemma 2.8 immediately gives that
5e2 ≤ 264. Hence, we must have e2 = 1. 
Lemma 5.5. If p = 7, 11 or 13, then p2 || N . If a prime 17 ≤ p < 200
divides N , then e ≤ 2 and p ∈ {23, 31, 47, 67, 83, 137} or e = 1 and p ∈
{17, 29, 41, 53, 59, 61, 71, 89, 97, 103, 107, 113, 131, 139, 167, 179, 191, 193, 197}.
Moreover, if p = 233, 241, 257, 409, 641, 769, 1021, 1361 or 1637 divides N ,
then p || N .
Proof. We shall only give a proof for p = 7. Assume that 7 | N and let e be
its exponent. We observe that 72 must divide N since h(105) > 2.
It follows from 73 → 32, 77 → 4733 → 3, 711 → 1123 → 3, 717 →
2767631689 → 32 and 719 → 419 → 19 → 32 together with 7 → 3 that, if
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e2 is divisible by one of 3, 7, 11, 17 and 19, then 3
2 must divide N contrary
to Lemma 5.2.
Similarly, if e2 is divisible by 4, 5 or 13, then 5
2 must divide N since
74 → 52, 75 → 2801 → 52 and 713 → 16148168401 → 52, contrary to
Lemma 5.4.
Since 723 > 264, Lemma 2.8 yields that we must have e = 2. The proof
for the other primes is similar to the case p = 7. 
Lemma 5.6. 7 cannot divide N . In other words, p3 ≥ 11.
Proof. Assume that 7 divides N .
We already know that 72 || N from the previous lemma.
We must have 11 ≤ p4 < 71. since h(210 · 3 · 5 · 72 · 71 · 73 · 77) < 2. Hence,
p4 = 11, 17, 29 or 41. By the previous lemma, we must have p
e4
4 = 11
2, 17, 29
or 41. If pe44 = 11
2, then 32 | (72−1)(112−1) | N , which contradicts Lemma
5.2. If pe44 = 17, then h(N) > h(3 · 5 · 72 · 17) > 2, a contradiction again.
If pe44 = 29, then, with the aid of Lemma 2.9, we must have p5 =
41, 59, 71, 101, 113, e5 ≥ 2 or p5 = 197, 233. By Lemma 5.5, we must have
P5 = 197 or 233. If P5 = 197, then Lemma 2.9 yields that p6 = 281.
However this is impossible since h(212 · 3 · 5 · 72 · 29 · 197 · 281) > 2 >
h(213 · 3 · 5 · 72 · 29 · 197 · 281). If P5 = 233, then there exists no appropriate
prime for p6 in view of Lemma 2.9.
If pe44 = 41, then, combining Lemmas 2.9 and 5.5, we must have P5 = 83.
But, now there exists no appropriate prime for p6 in view of Lemma 2.9. 
Lemma 5.7. N = 211 · 3 · 5 · 112 · 23 · 89 or pe33 ∈ {17, 31, 312, 41, 61}.
Proof. Now we know that p3 ∈ {11, 13, 17, 31, 41, 61}. Assume that p3 ≤ 13.
Since h(3 · 5 · 13) = 195/96 > 2, we must have e3 ≥ 2. By Lemma 5.5, we
must have pe33 = 11
2.
Now Lemma 2.9 implies that p4 = 2
m411f4 + 1 and p4 < 53. The only
possibility is p4 = 23. Lemma 5.5 gives that e4 ≤ 2. If e4 = 2, then using
Lemma 2.9 again, p5 < 41 and p5 = 2
m511f523g5 + 1, which is impossible.
If e4 = 1, then Lemma 2.9 gives that p5 = 89. If e = 11, then N =
211 · 3 · 5 · 112 · 23 · 89 satisfies h(N) = 2. If e ≥ 12, then we see that
211 < pe66 < 2
12 and pe66 −1 divides 2e · 23 · 89. However, there exists no such
prime p6. 
Lemma 5.8. We can never have p3 = 31, 41 or 61.
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Proof. If p3 = 31, then Lemma 2.9 implies that p4 < 257 and p4 must be of
the form 2f · 31g, which is impossible. If P3 = 41, then Lemma 2.9 implies
that p4 < 83 and p4 must be of the form 2
f1 · 3f2 · 41f3 with f2 ≤ 1, which
is again impossible. Similarly, P3 = 61 is impossible. 
Now the remaining case is the case P1 = 3, P2 = 5 and P3 = 17.
Lemma 5.9. If P1 = 3, P2 = 5, P3 = 17, P4 = 257, then N = N10, N11 or
N12.
Proof. If 216 || N , then N = N10M for some integer M coprime to N10.
Since h(N10) = 2, we must have M = 1 and N = N10.
If 217 | N , then h(2e0 · 3 · 5 · 17 · 257) ≤ 2(1− 1/131071).
If 217 || N , then 65537 ≤ p5 ≤ Q5 ≤ 262143 and p5 − 1 must divide
2 · 3 · 5 · 17 · 257. The only possibility is p5 = 131071. If e5 > 1, then
p5 < p6 ≤ Q5 ≤ 262143 and p6−1 must divide 2·131071, which is impossible.
Hence, we have e5 = 1 and N = N11M for some integer M coprime to N11.
Since h(N11) = 2, we must have M = 1 and N = N11.
If 218 | N , then 65537 ≤ p5 ≤ Q5 < 174761 and p5 − 1 must divide
2e−16 ·3 ·5 ·17 ·257. Hence, p5 must be 65537, 82241, 87041, 98689, 131071 or
163841. If p5 = 163841, then P6 < 200000 and P6− 1 divides 2e · 3 · 17 · 257,
which is impossible. If p5 = 131071, then P6 < 262144 and P6 − 1 divides
2e · 131071, which is impossible. If p5 = 98689, then 224 | N , P6 < 200000
and P6 − 1 divides 2e · 5 · 17 · 98689, which is impossible. If p5 = 87041,
then 227 | N , P6 < 266000 and P6 − 1 divides 2e · 3 · 257 · 87041, which is
impossible. If p5 = 82241, then 2
23 | N , P6 < 340000 and P6 − 1 divides
2e · 3 · 17 · 87041. Hence, we must have P6 = 328961, which is impossible
since h(224P1P2P3P4P5P6) > 2 > h(2
25P1P2P3P4P5P6).
If p5 = 65537, then 2
32 | N . If p5 = 65537 and 233 | N , then 232 ≤ P6 <
233 − 1 and 2e − 1 must divide 3 · 5 · 17 · 257 · 65537 · P6. We must have
e = 61 and P6 = 2
61 − 1. However, this is inappropriate since P6 − 1 does
not divide 261 · 3 · 5 · 17 · 257 · 65537. Hence, 233 cannot divide N and N
must be N12. We note that, if F5 = 2
32 + 1 were prime, then e = 64 and
P6 = 2
32 + 1 would suffice. 
Lemma 5.10. If P4 6= 257, then we must have P4 ∈ {409, 641, 769, 1021}.
Proof. By Lemma 2.9, we must have p4 ∈ {31, 41, 61, 97, 103, 137, 193, 241,
257, 409, 641, 769, 1021}.
If p4 ≤ 257 and P4 6= 257, then, we must have e4 > 1 since h(3·5·17·251) >
2. It immediately follows from Lemma 5.5 that p4 = 31 or 137 and e4 = 2.
In view of Lemma 2.9, there exists no prime appropriate for p5.
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If p4 > 257, then Lemma 5.5 immediately gives that e4 = 1 and P4 ∈
{409, 641, 769, 1021}. 
Lemma 5.11. We cannot have P1 = 3, P2 = 5, P3 = 17 and p4 > 257.
Proof. By the previous lemma, p4 = 409, 641, 769 or 1021 and, by Lemma
5.5, we must have e4 = 1. If p4 ≥ 769, then, by Lemma 2.9, we must
have p5 ≥ 1021, which is impossible since 211 must divide N and h(N) ≤
h(211 · 3 · 5 · 17 · 769 · 1021 · 1031) < 2. If p4 = 409, then, 213 must divide
N and, by Lemma 2.9, we must have 409 < p5 < 1500 and p5 − 1 must
divide 2e ·5 ·409. However, there exists no such prime. If p4 = 641, then, by
Lemma 2.9, we must have p5 = 769. Observing that 2
24 must divide N and
using Lemma 2.9 again, we find that p6 < 1000 and p6 − 1 divides 2e · 769,
which is impossible. Hence, no prime > 257 is appropriate for p4. 
Now the theorem immediately follows combining Lemmas 5.7-5.11.
6. The largest prime (power) factor of N
In this section, we prove Theorem 1.4. We write P (n) for the largest
prime divisor of n.
We begin by proving the former part of Theorem 1.4. Firstly, we need
to find all primes p and integers k such that p < 105 and P (pk − 1) < 105.
This work can be done using the method of Goto and Ohno [7], who showed
that an odd perfect number must have a prime factor > 108. For the use
in the proof of the latter part of Theorem 1.4, we shall also determine all
exponents k for which P (2k − 1) < 108.
Lemma 6.1. If P (2k − 1) < 105, then k ≤ 16 or k ∈ {18, 20, 21, 22, 24, 25,
26, 28, 29, 30, 32, 36, 40, 42, 44, 45, 48, 50, 52, 60, 84}. Moreover, if P (2k−1) <
108, then k ≤ 30 or
k ∈ {32, 33, 34, 35, 36, 38, 39, 40, 42, 43, 44, 45, 46, 47, 48, 50, 51,
52, 53, 54, 55, 56, 57, 58, 60, 63, 64, 66, 68, 70, 72, 75, 76, 78,
81, 84, 90, 92, 96, 100, 102, 105, 108, 110, 132, 140, 156, 180, 210}.
Remark 6.2. Recently, Stewart [24] showed that, given two integers b > a >
1, we have P (ak − bk)/k > exp(log k/(104 log log k)) for k sufficiently large
in terms of ω(ab). We note that it is easy to show that the largest prime
power divisor of ak − bk is > Ckϕ(k) log a/ log(k log a) for some absolute
constant C > 0.
Proof. Here we shall prove the latter statement. The latter yields the former
after checking each exponent.
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We may assume that k > 30. Let Φk(x) =
∏
ζ(x − ζ) denote the k-th
cyclotomic polynomial, where ζ runs over all primitive k-th roots of the
unity. Observing that each primitive k-th root of unity appears together
with its conjugate and (2 − ζ)(2− ζ¯) ≥ 3, we have Φk(2) ≥ 3ϕ(k)/2 for any
k.
By Lemma 2.3, any prime factor of Φk(2) must be congruent to 1 (mod k).
Moreover, Lehmer[15] shows that if p < 108 and p2 | Φk(2), then p = 1093
or p = 3511. Hence, if P (2k − 1) < 108, then the product of primes below
108 congruent to 1 (mod k) must be ≥ 3ϕ(k)/2/(1093 · 3511) and therefore
(26)
3ϕ(k)/2
1093 · 3511 ≤
∏
i<105/k
(ik + 1) < (105)10
5/k.
This yields that
(27) kϕ(k) ≤ 2 · 108 · log(108)/ log 3 + log(1093 · 3511).
If k ≥ 510510, then ϕ(k) ≥ 92160. If 144000 ≤ k < 510510, then ϕ(k)/k ≥
5760/30030. In neither case, (27) can hold.
Now we show that k ≤ 500. This can be done by computing the product
of primes below 108 congruent to 1 (mod k) for each 500 < k ≤ 144000.
Indeed, we confirmed that, for each 500 < k ≤ 144000,
(28)
∑
p≡1 (mod k),p|Φk(2)
p <
ϕ(k) log 3
2
− log(1093 · 3511).
Finally, for each k ≤ 500, we factored 2k − 1 and found all k’s satisfying
P (2k − 1) < 108, which are given in the lemma. 
Nextly, we shall determined all prime powers pk with 3 ≤ p < 105 and
P (pk − 1) < 105.
Lemma 6.3. All prime powers pk such that 3 ≤ p < 105, k ∈ {7, 8, 9, 10, 12,
20} and P (pk− 1) < 105 are given in Table 6. If P (3k− 1) < 105, then k ≤
54. If P (5k − 1) < 105, then k ≤ 30. Furthermore, if 7 ≤ p < 105, k > 10,
k 6= 12, 20 and P (pk−1) < 105, then (p, k) = (7, 14), (7, 24), (11, 21), (11, 24),
(13, 11), (67, 16).
Proof. Such prime powers pk with k odd prime can be taken from the table
of Goto and Ohno, who determined all such prime powers with p < 108 and
P (pk − 1) < 108. Their table shows that, if p, r are odd primes such that
r > 5, p < 105 and P (pr− 1) < 105, then (p, r) = (13, 11), p = 3 and r = 11
or 17 or r = 7 and p = 3, 5, 7, 11, 19, 59, 79, 269 or 359. Furthermore, for
any prime p ≥ 3 and r1, r2 ≥ 5, we have P (pr1r2 − 1) > 105. We note that,
there exist exactly 125 odd primes p < 105 such that P (p5 − 1) < 105.
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Table 1. All prime powers pk such that 3 ≤ p < 105, k ∈
{7, 8, 9, 10, 12, 20} and P (pk − 1) < 105
p k
7 2, 3, 5, 7, 11, 19, 59, 79, 269, 359
8 3, 5, 7, 11, 13, 17, 19, 31, 37, 41, 43, 47, 59, 67, 79, 83, 107, 127, 137, 149,
223, 227, 233, 239, 263, 269, 271, 359, 389, 401, 499, 563, 571, 587, 617, 773,
809, 823, 881, 971, 1061, 1091, 1201, 1213, 1319, 1487, 1579, 1637, 1657, 1669,
1783, 1907, 2351, 2383, 2399, 2677, 2741, 3109, 3163, 3373, 3631, 3847, 3851,
4877, 5167, 6451, 7237, 7699, 8081, 9239, 9397, 9733, 10099, 10181, 10691,
11483, 12721, 14051, 14149, 15427, 16067, 16607, 16987, 18979, 19531, 20129,
25253, 25633, 27073, 35837, 37783, 41893, 42391, 46327, 46889, 47041, 49253,
53831, 57173, 58013, 60101, 62497, 65951, 66541, 69457, 75931, 82241, 82261,
84229, 87721, 88339, 88819, 91499, 92333, 95917, 99523
9 2, 3, 5, 7, 19, 29, 31, 37, 43, 53, 379, 1019, 63599
10 3, 5, 7, 11, 13, 17, 19, 31, 53, 67, 113, 197, 421, 569
12 3, 5, 7, 11, 13, 17, 19, 23, 29, 41, 47, 53, 73, 79, 89, 97, 101, 103, 113,
137, 139, 197, 251, 271, 307, 367, 389, 397, 401, 421, 467, 479, 487, 907, 1013,
1319, 1451, 1627, 1697, 3083, 4027, 22051, 30977, 52889
20 3, 5, 7, 13, 17
We confirmed that P (p9−1) < 105 only for p = 3, 5, 7, 19, 29, 31, 37, 43, 53,
379, 1019 or 63599, among which, P (p27 − 1) < 105 only for p = 3, 5 and
P (p81 − 1) < 105 holds for no odd prime p < 105. Moreover, we confirmed
that P (p8 − 1) for exactly 116 odd primes p < 105 and P (p16 − 1) only for
p = 3, 5 or 67 among primes below 105. Moreover, P (p32− 1) > 105 for any
prime p < 105.
If p ≥ 3, r ≥ 7 and P (p3r − 1) < 105, then (p, r) = (11, 7). If p is an odd
prime and P (p15 − 1) < 105, then p = 3, 5 and P (p45 − 1) > 105. Now we
know all prime powers pk with k odd for which P (pk − 1) < 105.
Finally, we checked each prime p < 105 and exponent k = 2fr with f ≤ 4
and r ≥ 3 prime or r = 9, 15, 21, 27 such that P (pr − 1) < 105. We found
that p = 3, r = 14, 18, 24, 30, 54, p = 5, r = 14, 27, 30, p = 7, r = 14, 24,
p = 11, r = 21, 24, (p, r) = (13, 11), (17, 24), (67, 16) or (p, r) must be in
Table 6. This completes the proof. 
Now we Computer search starting from 2k for each k given in Lemma 6.1,
yields that the twelve instances are all ones with P (N) < 105.
Our algorithm can be
(1) Begin with p0 = 2, e0 = e, i = 0, mi = 0;
(2) We factor p
emi
mi − 1; For each prime factor q of pemimi − 1, we put
pj = q for some j with pj = 0 and relate pj to pmi if there is no j
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with pj = q; Moreover, we let fmi,j be the exponent of pj dividing
p
emi
mi − 1;
(3) For each unmarked pj , we factor pj−1 and mark pj ; For each prime
factor q of pj − 1, we put ph = q for some h with ph = 0 and relate
ph to pmi if there is no h with ph = q; Moreover, we let fj,h be the
exponent of ph dividing pj − 1; Until all pj ’s are marked, we repeat
this step;
(4) If there is some j with
∑
h fj,h > ej > 0, then jump to Step 4A;
Otherwise, if there is some j with pj > 0 and ej = 0, jump to Step
4B; Otherwise jump to Step 4C;
(4A) We clear all pj ’s, all fj,h’s for all prime pj related to pmi ; Jump to
Step 5;
(4B) If there is some j with ej = 0, then we set mi+1 to be one of such
j(’s); We set emi+1 = 1; We set i = i+ 1; Jump to Step 2;
(4C) We output N =
∏
p
ej
j where j runs over all j with pj 6= 0; Jump to
Step 5;
(5) If pmi > 2, then jump to Step 5A; Otherwise, jump to Step 5B;
(5A) We set emi = emi +1; If p
emi
mi < 10
8, then jump to Step 2; Otherwise,
We clear pmi, emi ; We clear mi; We set i = i− 1; Jump to Step 2;
(5B) We set emi to the next member of the current value of emi in the set
given in Lemma 6.3; If there is no more member, then we terminate;
We illustrate our proof in the case e = 32.
If 232 || N , then 3 · 5 · 17 · 257 · 65537 = 232− 1 divides N . In particular, 3
must divide N . By Lemma 6.3, we must have 3k || N with 1 ≤ k ≤ 12, 14 ≤
k ≤ 18 or k ∈ {20, 22, 24, 27, 28, 30, 34, 48, 54}.
If k is even, then we must have 233 | ϕ∗(3k ·5 ·17 ·257 ·65537) | N , contrary
to the assumption that 232 || N . If 3 divides k, then 13 | (33 − 1) | N and
233 | ϕ∗(3 · 5 · 13 · 17 · 257 · 65537) | N , a contradiction again.
If 5 divides k, then 112 | (35 − 1) | N and 52 | ϕ∗(232 · 11) | N . Hence,
we must have 5l || N with 2 ≤ l ≤ 10, l = 12, 14, 15, 16, 18, 20 or 30. If l is
even, then 233 | ϕ∗(3 · 52 · 17 · 257 · 65537) | N , a contradiction. If 3 divides
l, then 31 | (53− 1) divides N and 233 | ϕ∗(3 · 5 · 11 · 17 · 31 · 257 · 65537) | N ,
a contradiction. l = 5, 7 lead to a similar contradiction and 5 can never
divide k. p | k with p = 7, 11, 13, 17 also lead to a similar contradiction and
we must have k = 1.
Proceeding similarly, we must have 3 · 5 · 17 · 257 · 65537 || N and N =
232 · 5 · 17 · 257 · 65537 || N .
Our procedure worked for the other exponents given in Lemma 6.1 and
yielded only twelve instances given in the Introduction. Some exponents
requires several hours. This proves the former part of Theorem 1.4.
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Now we shall prove that N must be divisible by a prime power > 108. e
must belong to the set given in Lemma 6.1. As in the previous section, we
show that 2e || N cannot occur unless N is one of twelve instances given
above for each e in this set.
For example, we show that e 6= 210 in the following way:
2210−1 = 32 ·72 ·11 ·31 ·43 ·71 ·127 ·151 ·211 ·281 ·331 ·337 ·5419 ·29191 ·
86171 · 106681 · 122921 · 152041 · 664441 · 1564921 must divide N . Hence,
(3− 1)(7− 1)(11− 1) . . . (1564921− 1) = 235 · 320 · 515 · 715 · 11 · 23 · 43 · 113 ·
127 · 139 · 181 · 439 · 1231 must divide N . Thus 322 > 108 must divide N ,
which is contradiction.
Our procedure terminated for all exponents given in Lemma 6.1 and
yielded only twelve instances given in the Introduction. This completes
the proof of Theorem 1.4.
7. The case 3 does not divide N
We shall prove Theorem 1.5. Assume that 3 does not divide N . By
Lemma 2.2, a prime p cannot divide N if there exists a sequence of primes
3 | (q1 − 1), q1 | (q2 − 1), . . ., qk | (p− 1).
Hence, an odd prime factor ofN must be one of 5, 11, 17, 23, 31, 41, 47, 83,
89, 101, . . .. We confirmed that the product of p/(p−1) over the first 4654448
such primes is smaller than 1.83. Moreover, the 4654449-th prime must be
greater than 232. Since 25 | N , if ω(N) ≤ 4654448 and N has no prime
factor above 232, then h(N) < 1.83× (32/31) < 2, which is a contradiction.
8. A product of consecutive primes
The purpose of this section is to prove the Theorem 1.6.
In this section,
∑′ denotes the sum over primes in a given range. We
need a Brun-Titchmarsh type theorem in the following form.
Lemma 8.1. During the statement and the proof of this lemma, let c denote
an effectively computable absolute constant which may take different value
at each occurrence. Moreover, let Q1 = log
9/2 x and Q = x1/2/ log9/2 x.
Then, we have
(29)
∑′
q<Q
max
y≤x
∣∣∣∣pi(y; q, 1)− pi(y)ϕ(q)
∣∣∣∣ < cxlog2 x
for x > 0.
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Proof. By Theorem 1.2 of [1], we have∑
q≤Q
q
ϕ(q)
∑∗
χ (mod q)
max
y≤x
|ψ(y, χ)|
< c0(4x+ 2x
1
2Q2 + 6x
2
3Q
3
2 + 5x
5
6Q) log
7
2 x,
(30)
where c0 = 48.83236 · · · and
∑∗
χ (mod q) denotes the sum over all primitive
characters χ (mod q).
Dividing the sum into intervals of the form (2kQ1, 2
k+1Q1] (k = 0, 1, . . . ,
⌊log(Q/Q1)/ log 2⌋, we have
∑
Q1<q≤Q
1
ϕ(q)
∑∗
χ (mod q)
max
y≤x
|ψ(y, χ)|
< c
(
x
Q1
+ x
1
2Q + x
2
3Q
1
2 + 5x
5
6 log x
)
log
7
2 x.
(31)
Limiting q in the sum to primes, we obtain
∑′
Q1<q≤Q
max
y≤x
∣∣∣∣ψ(y; q, 1)− ψ(y)ϕ(q) − 1
∣∣∣∣
< c
(
x
Q1
+ x
1
2Q+ x
2
3Q
1
2 + 5x
5
6 log x
)
log
7
2 x
(32)
and, recalling that Q1 = log
9/2 x and Q = x1/2/ log9/2 x,
(33)
∑′
Q1<q≤Q
max
y≤x
∣∣∣∣ψ(y; q, 1)− ψ(y)ϕ(q)
∣∣∣∣ < c xlog x.
It is implicit in the proof of Theorem 4 of Chen and Wang [3] that for a
Dirichlet character χ modulo q, we have
(34) |ψ(x, χ)− E0x| ≤ 0.078x
log10.35 x
+ E0 log x+ E1
xβ
β
,
where E0 = 1 if χ is principal and E0 = 0 otherwise and β denotes a real
zero of L(s, χ) greater than 1 − 0.1077/ log q and E1 = 1 if it exists and
E1 = 0 otherwise (For more general results, see the author’s recent paper
[27]). Moreover, E1 = 1 occurs for at most one character among all Dirichlet
characters modulo k.
From Kadiri [10], we know that, there exists at most one modulus q0 ≤
Q1 such that a Dirichlet L-function L(s, χ) has a real zero s = β > 1 −
1/4.0904 logQ1 for some character χ (mod q0). We shall call the modulus
q0 exceptional if it exists and other moduli ≤ Q1 nonexceptional. Now, it
immediately follows from (34) that, if a prime q ≤ Q1 is nonexceptional,
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then
(35) max
y≤x
∣∣∣∣ψ(y; q, 1)− ψ(y)ϕ(q)
∣∣∣∣ < cxlog10.35 x + 2x1−1/4.0904 logQ1 <
c′x
log10.35 x
for another effectively computable constant c′. Using Theorem 3 of [16] stat-
ing that β ≤ 1− pi/0.4923q1/20 log2 q0, we have xβ/q0 < cx(log log x)4/ log2 x
and therefore
(36) max
y≤x
∣∣∣∣ψ(y; q0, 1)− ψ(y)ϕ(q0)
∣∣∣∣ < cxlog10.35 x +
c′x(log log x)4
log2 x
<
c′′x
log x
for some effectively computable constants c′ and c′′. Hence, we obtain
(37)
∑′
q≤Q1
max
y≤x
∣∣∣∣ψ(y; q, 1)− ψ(y)ϕ(q)
∣∣∣∣ < cxlog x.
Combining with (33), we have
(38)
∑′
q<Q
max
y≤x
∣∣∣∣ψ(y; q, 1)− ψ(y)ϕ(q)
∣∣∣∣ < cxlog x
Let
(39) Π(y; q, a) =
∑
n≤y,n≡a (mod q)
Λ(n)
log n
=
∑
pk≤y,pk≡a (mod q)
1
k
and put x1 = x/ log
2 x. Moreover, we write Ef (y; q, a) for the error term
|f(y; q, a)− f(y)/ϕ(q)| for arithmetic functions f = pi,Π, θ, ψ, as in Section
3. Using partial summation, we have
EΠ(x, q, 1)−EΠ(x1, q, 1)
=
Eψ(x, q, 1)
log x
− Eψ(x1, q, 1)
log x1
−
∫ x
x1
Eψ(y, q, 1)
y log2 y
dy
≤|Eψ(x, q, 1)|
log x
+
|Eψ(x1, q, 1)|
log x1
+
maxy≤x |Eψ(y, q, 1)|
log x1
≤2maxy≤x |Eψ(y, q, 1)|
log x1
+
cx1
log x1
.
(40)
Moreover, it is shown in Section 8 of [1] that
(41) |EΠ(y; q, a)− Epi(y; q, a)| ≤ 2y 12 ≤ 2x 12 .
Finally, the Brun-Titchmarsh inequality given in [17] gives
(42)
∑′
q≤Q
|Epi(x1, q, 1)| ≤
∑′
q≤Q
cx1
q log x1
≤ cx1 log log x
log x1
≤ cx log log x
log3 x1
.
Now the Lemma follows from (38), (40), (41) and (42).
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Now we prove Theorem 1.6. Let 0 < α1, α2 < 1/2 be two constants.
Hereafter, c and c′ denote some effectively computable constants which may
take different value at each occurrence and depends only on α1 and α2.
Assume that ϕ∗(N) | N and N is divisible by exactly all primes below
x. Moreover, we may assume that x is so large that |pi(x)− x/ log x| <
0.001x/ log x. For any prime q, qpi(x;q,1) |∏p≤x,p≡1 (mod q)(p−1) | ϕ∗(N) | N .
Hence,
(43)
∏′
q≤x
(
qpi(x;q,1)
qpi(x;q,1) − 1
)
≥
∏
qf ||N
(
qf
qf − 1
)
= h(N) ≥ 2
and therefore
∑′
q≤x
1
qpi(x;q,1)
>
∑′
q≤x
log
(
qpi(x;q,1)
qpi(x;q,1) − 1
)
−
∑′
q≤x
1
q2pi(x;q,1)
> log 2− c
log x
,
(44)
where the last inequality follows observing that q2pi(x;q,1) > c log2 x for q <
log x by (34).
Let U be the set of primes q such that pi(x; q, 1) < 0.001x/(q log x). Let
(45) L =
∑
p≤x
log(p− 1) =
∑
p,q≤x,
p,q: prime,
q|(p−1)
log q =
′∑
q<x/2
pi(x; q, 1) log q
and divide L into
(46) L1 =
∑′
q≤x1/2−α1
pi(x; q, 1) log q,
(47) L2,1 =
∑
x1/2−α1≤q≤x1−α2 ,q∈U
pi(x; q, 1) log q,
(48) L2,2 =
∑
x1/2−α1≤q≤x1−α2 ,q 6∈U
pi(x; q, 1) log q
and
(49) L3 =
∑′
x1−α2≤q<x/2
pi(x; q, 1) log q.
We can easily see that
(50) L =
∑
p≤x
log(p− 1) > θ(x)−
∑
p≤x
2
p
> 0.999x.
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Since xα1 > log5 x, we can apply Lemma 8.1 to obtain
L1 ≤pi(x)
∑′
q≤Q
log q
q − 1 + (α1 log x)
∑′
q≤Q
∣∣∣∣pi(x; q, 1)− pi(x)q − 1
∣∣∣∣
≤1.001pi(x) logQ+ cα1x
log x
≤0.501x.
(51)
Using the inequality
∣∣∣∑′q<z(log q)/q −E
∣∣∣ < 1/2 log z with E = −1.33258 · · ·
for z ≥ 319 (see Theorem 6 of [22]), we have
(52) L2,1 ≤ 0.001x
log x
∑′
x1/2−α1≤q≤x1−α2
log q
q
≤ 0.001x
for sufficiently large x.
Let S(y, a) be the number of integers q ≤ y such that both q and aq + 1
are prime. We observe that
(53)
∑′
x1−α2≤q<x/2
pi(x; q, 1) =
∑
x1−α2≤q<x/2,q: prime,
p=aq+1≤x,p: prime
1 ≤
∑
2≤a≤xα2
S(x/a, a).
As in the proof of Lemma 4.1, we have
(54) S(x/a, a) <
cψ(a)(x/a)
a log2(x/a)
<
cψ(a)x
(1− α2)2a2 log2 x
for each a, where we note that c does not depend on a and ψ(a) = a
∏
p|a(1+
1/p) now denotes the Dedekind ψ-function, not the second Chebyshev func-
tion. Thus the last sum in (53) is at most
(55)
cx
(1− α2)2 log2 x
∑
2≤a≤xα2
ψ(a)
a2
<
(c+ 0.0001)c1α2x
(1− α2)2 log x
and therefore
(56) L3 <
(c+ 0.0001)c1α2x
(1− α2)2 .
By (50), (51), (52) and (56), there exists an absolute and effectively
computable constant δ > 0 such that, if α2 < δ, then
(57) L2,2 > L− (L1 + L2,1 + L3) > 0.497x
for sufficiently large x.
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On the other hand, using the Brun-Titchmarsh theorem again,
L2,2 <
∑
q 6∈U,
x1/2−α1≤q≤x1−α2
2x log q
(q − 1) log(x/q)
<
2.0001(1− α2)x
α2
∑
q 6∈U,
x1/2−α1≤q≤x1−α2
1
q
(58)
and
∑
q 6∈U,
x1/2−α1≤q≤x1−α2
1
q
>
0.248α2
1− α2 .(59)
Since |Epi(x; q, 1)| > 0.998x/(q log x) for any prime q < x1/2−α1 in U ,
Lemma 8.1 gives
(60)
∑
q≤x1/2−α1 ,q∈U
1
q
<
1.01 logx
x
∑
q≤x1/2−α1 ,q∈U
Epi(x; q, 1) <
c
log x
.
Thus (44) gives
∑
q∈U,
x1/2−α1≤q≤x1−α2
1
q
≥
∑
q∈U,
x1/2−α1≤q≤x1−α2
1
qpi(x;q,1)
> log 2− c
log x
−
∑′
x1−α2<q<x
1
q
−
∑
q 6∈U,
q≤x1−α2
1
q0.001x/(q log x)
> log 2 + log(1− α2)− c
′
log x
.
(61)
Hence,
∑
q 6∈U,
x1/2−α1≤q≤x1−α2
1
q
< log
1− α2
1
2
− α1
+
c
log x
−
∑
q∈U,
x1/2−α1≤q≤x1−α2
1
q
< log
1− α2
1
2
− α1
− log 2− log(1− α2) + c
log x
= log
1
1− 2α1 +
c
log x
.
(62)
Now (59) implies
(63)
0.248α2
1− α2 < log
1
1− 2α1 +
c
log x
.
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Taking 0 < α1 < 1 so that
(64)
(1− α2)x
α2
log
1
1− 2α1 < 0.248,
we have c/ log x > c′ for sufficiently large x, which implies x < c. This
proves Theorem 1.6.
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